Advances in computing have enabled microsecond all-atom molecular dynamics trajectories of protein folding that can be used to compare with and test critical assumptions of theoretical models. We show that recent simulations by the Shaw group (10, 11, 14, 15) are consistent with a key assumption of an Ising-like theoretical model that native structure grows in only a few regions of the amino acid sequence as folding progresses. The distribution of mechanisms predicted by simulating the master equation of this native-centric model for the benchmark villin subdomain, with only two adjustable thermodynamic parameters and one temperature-dependent kinetic parameter, is remarkably similar to the distribution in the molecular dynamics trajectories. T heoretical models are essential for understanding the complex self-assembly reaction of protein folding, despite their reliance on apparently strong simplifying assumptions (1-5). In fact, the validated assumptions in a successful model point to the important features in protein folding. However, these assumptions are generally difficult to either justify or falsify by experiment. Fortunately, we can now examine them directly, thanks to recent advances in computing that allow us to study folding kinetics and mechanisms with all-atom molecular dynamics (MD) simulations (6-13). In particular, through the work of the Shaw group (10, 11, 14, 15) , many folding and unfolding transitions have been observed in long equilibrium trajectories. Here, and in the accompanying paper by Best et al. (16), we compare the key assumptions of a simple Ising-like model with the results from the all-atom MD simulations of the Shaw group (10, 11, 14, 15) . We also compare the distribution of folding mechanisms predicted by the model and the MD simulations.
Advances in computing have enabled microsecond all-atom molecular dynamics trajectories of protein folding that can be used to compare with and test critical assumptions of theoretical models. We show that recent simulations by the Shaw group (10, 11, 14, 15) are consistent with a key assumption of an Ising-like theoretical model that native structure grows in only a few regions of the amino acid sequence as folding progresses. The distribution of mechanisms predicted by simulating the master equation of this native-centric model for the benchmark villin subdomain, with only two adjustable thermodynamic parameters and one temperature-dependent kinetic parameter, is remarkably similar to the distribution in the molecular dynamics trajectories. T heoretical models are essential for understanding the complex self-assembly reaction of protein folding, despite their reliance on apparently strong simplifying assumptions (1) (2) (3) (4) (5) . In fact, the validated assumptions in a successful model point to the important features in protein folding. However, these assumptions are generally difficult to either justify or falsify by experiment. Fortunately, we can now examine them directly, thanks to recent advances in computing that allow us to study folding kinetics and mechanisms with all-atom molecular dynamics (MD) simulations (6) (7) (8) (9) (10) (11) (12) (13) . In particular, through the work of the Shaw group (10, 11, 14, 15) , many folding and unfolding transitions have been observed in long equilibrium trajectories. Here, and in the accompanying paper by Best et al. (16) , we compare the key assumptions of a simple Ising-like model with the results from the all-atom MD simulations of the Shaw group (10, 11, 14, 15) . We also compare the distribution of folding mechanisms predicted by the model and the MD simulations.
Ideally, to capture the full complexity of the process, a theoretical model for protein folding should enumerate all relevant conformations and specify the transition rates between them. To be useful, the model should also quantify the observables in equilibrium and kinetics experiments, and, like any theoretical model, be testable by new experiments. Among the very large number of proposed models (see bibliography in SI Text), a simple Ising-like model based on the contact map of the folded structure (17, 18) , with just two adjustable thermodynamic parameters and a third parameter to set the time scale for kinetics, is of particular interest because it is the only one thus far that enumerates conformations and quantitatively explains so many different kinds of experimental results (19) (20) (21) (22) . The two key assumptions of the Ising-like model are that amino acid interactions absent in the native structure play an insignificant role in determining the folding mechanism (23) (24) (25) and that native structure grows in only a few regions of the amino acid sequence as folding progresses. In the accompanying paper by Best et al. (16) , the MD simulations for nine proteins with clear two-state kinetics simulated by the Shaw group (10, 11, 14, 15) are found to be consistent with the first assumption, which is also key to many other theoretical models (26) (27) (28) (29) (30) (31) (32) (33) (34) (35) (36) (37) (38) (39) (40) (41) (42) and numerous simulations of simplified representations of proteins (reviewed in refs. 1, 43, 44) . In this work, we test the second key assumption of this model for the 35-residue benchmark protein, the villin headpiece subdomain, as well as for nine proteins simulated by MD (10, 11, 15) , which also quantifies the extent to which the emergence of residual structure in the unfolded state initiates the folding transition. To compare in detail the mechanisms predicted by the model and the MD simulations, we go beyond the previous landscape description of the kinetics (21) and simulate the master equation of the model, which allows us to make a direct comparison of the transition path distributions predicted for the villin subdomain by the MD and model trajectories.
The transition path is the small fraction of an equilibrium trajectory for a single molecule when folding or unfolding actually happens (Fig. 1 ), so it is by far the most important segment for establishing mechanism. In a reaction-coordinate picture, the transition path corresponds to the free-energy barrier-crossing process (Fig. 1 ). To observe a transition path is to watch the complete evolution from the unfolded structure to the folded structure, whereas a transition state structure is just one structure along the folding path, albeit the most important for determining rates. Observing transition paths presents an important and interesting challenge for single-molecule experiments, and will provide the most demanding test of mechanisms predicted by both theoretical models and simulations (45) (46) (47) .
Results and Discussion
Brief Summary of Ising-Like Theoretical Model. This model is based on the α-carbon contact map of the folded structure (17, 18, 21) (Fig. 2B) . It is Ising-like in that each residue can adopt two configurations, native (n) and coil (c), as in the model of Zwanzig et al. (48) . It differs from the standard Ising model in two important respects: Interactions between nearest neighbors are not
Significance
Although protein folding has been studied extensively by both theory and simulations, there have been very few attempts to test theoretical models by comparison with properties actually measured in equilibrium and kinetic experiments or with folding mechanisms observed in fully atomistic simulations. Here we compare the folding mechanisms of an Ising-like model that quantitatively explains a wide range of experimental data with fully atomistic simulations from the Shaw group. Not only are the simplifying assumptions of the theoretical model consistent with the simulations, but the folding mechanisms are remarkably similar. One of the key assumptions, that the 3D structure of the folded protein determines folding mechanisms, is strongly supported by the analysis in the accompanying paper by Best et al. (16) . considered because they are assumed to be the same in the folded and unfolded states, whereas interactions between residues separated by more than two residues in the sequence are allowed. Interactions are only allowed, however, if the residues are in contact in the folded structure, so the key ingredient of the model is the residue-residue contact map taken from the experimental structure. Explicit consideration of only native interactions (27) corresponds to the "perfectly funneled" energy landscape of Wolynes and colleagues (1, 23) . The second simplifying assumption of the model is that structure grows in an individual molecule in no more than two stretches of contiguous native residues ("native segments"); however, it can be generalized to more. Configurations such as ...cccccnnnnccc... or ...ccccnnccccnnncc... are allowed, but the configuration ...ccnncccnnccnncc... is not allowed. Interactions are allowed between residues within a segment or between residues in two segments connected by a disordered loop. The two-native-segment assumption [also called the double-sequence approximation (17, 18) ] markedly reduces the number of configurations to be enumerated for the 35- 
where T is the absolute temperature, k B is the Boltzmann constant, and G i is the free energy of the ith configuration determined by the number of native contacts (q i ), the temperature-independent energy of a contact (« contact ), the number of native residues (n i ), the conformational entropy loss per residue associated with the transition from the coil to the native configuration (Δs conf ), and the free energy increase of connecting two native segments by a disordered loop (Δg i,loop ) (calculation of the Δg i,loop is discussed in SI Text). Unlike the simulations, in which the energy of interaction of atoms is dependent on the type of atom, all residueresidue contact energies in this theoretical model are assumed to be the same. The Δs conf is also assumed to be the same for every residue except for the single proline at position 21, for which Δs conf = 0, because it remains in the same conformation (trans) in the unfolded and folded states in the MD simulations of Piana et al. (11) . The master equation for this model is dp/dt = Rp, where the elements of the column vector p are the time-dependent populations of the 92,822 configurations ("conformations") of the model and the elements of the sparse matrix R are the rate coefficients connecting configurations.
Transition Paths for Villin Subdomain from MD Simulations. For the villin subdomain, transition paths for folding were taken as those segments of the Q vs. time trajectory ( MD Simulations Test the Two-Native Segment Assumption. In addition to the native-only assumption, a second major simplifying assumption of the Ising-like model is that folding proceeds along the transition path by developing structure in no more than a few (two in the version considered here) regions of the amino acid sequence. The idea of forming structure in a limited number of regions originates from helix-coil theory, where Schellman proposed it is highly unlikely that nucleation of helices of the length found in proteins would occur more than once in an individual molecule (49). An important question, then, is the following: How many segments of native structure form during the transition paths of the MD simulations? To test in a direct manner the assumption that structure grows during the transition path in no more than two native segments of the sequence, we defined a native segment as a stretch of contiguous native residues longer than a chosen minimum. Each residue was classified as being native or nonnative depending on whether it is within the same region of Ramachandran space as in the native structure (details are provided in SI Text). The number of such native segments was counted at each time point along a transition path for which the time scale was rescaled from 0 to 1 to account for the wide variation in transition path times (see below). Fig. 4 shows histograms of the frequency with which different numbers of native segments occur on transition paths. For each of three criteria for the number of contiguous native residues that constitutes a native segment (greater than three, four, or five residues in length) (Fig. 4) , only a small fraction of conformations with more than two native segments is populated on the transition paths. This result supports one of the two major simplifying assumptions of the theoretical model for the villin subdomain. Does this conclusion hold more generally? To answer this, the same analysis was carried out on the MD trajectories for the 12 peptides and proteins simulated by Lindorff-Larsen et al. (10) . For 3 of the proteins, which lack a clear folding barrier [e.g., the "one-state" protein BBL of Muñoz and colleagues (50) ], transition paths cannot be sensibly defined, so 9 proteins were considered further (Figs. S1 and S2). Transition paths were identified using Q as before, with boundaries as indicated in Fig. S1 , with the full set of corresponding histograms shown in Fig. S3 . In Fig. 5B , we summarize the results by showing the cumulative fraction of Fig. 1 . Transition path on a 2D free energy surface for a two-state protein with the radius of gyration, R g , and the fraction of native contacts, Q, as order parameters and the corresponding 1D free energy profile, G(Q), with Q as the reaction coordinate (adapted from ref. 47 ). The free energy surface for a two-state protein has only two deep minima, so that only two populations of molecules are observable, folded and unfolded, in both equilibrium and kinetic ensemble experiments. The vast majority of the time is spent exploring the configurations of these free energy minima with numerous unsuccessful attempts at crossing the free energy barrier between the folded and unfolded states. The continuous curve is the rare successful trajectory that leaves the unfolded state, crosses the position Q U on the reaction coordinate, and reaches the other side of the free energy barrier at Q F , without recrossing Q U . The yellow portion of this trajectory is on a transition path. The white dashed curves are examples of unsuccessful trajectories.
configurations on transition paths that can be accounted for by two or fewer native segments (defining a native segment as more than four contiguous native residues). The analyses for all seven molecules with fewer than 50 residues are consistent with the assumption of structure forming in no more than two native segments during the transition paths. The 56-residue virtual variant of protein G (NuG2; not yet investigated by experiment), the 73-residue α 3 D (A3D), and the 80-residue λ repressor (lambda) require more than two native segments to describe their transition paths. For these larger proteins, extending the current theoretical model to three native segments with connecting loops would be a substantial improvement. Having shown in this work and the accompanying paper by Best et al. (16) that the MD simulations are consistent with the two major assumptions of the Ising-like model, it is interesting to ask how similar is the distribution of folding mechanisms observed in the transition paths extracted from the MD trajectories to that observed in the stochastic trajectories of the theoretical model. An important property of a transition path is its duration, because its average value can now be measured in single-molecule fluorescence experiments (45) . Fig. 5 A and B shows the transition path time distributions from the MD simulations and the simulation of the master equation of the theoretical model. The average value for the 25 transition paths from the MD simulations is 0.66 μs, whereas the average value for the 2 × 10 6 transition paths calculated from the theoretical model is 0.34 μs. The viscosity of the TIP3P water model used is approximately threefold less than real water (51), so 0.66 μs is less than what would be obtained with a more accurate water model. In the two helical systems that have been studied without the use of chemical denaturants to counteract the stabilizing effect of the viscogens, the folding time varies approximately as the square root of the solvent viscosity (20, 52) . Consequently, the transition path time predicted by the MD simulations with a more accurate water model is expected to be ∼3 1/2 longer (∼1.1 μs), which is still in reasonably good agreement with the Ising-like model. In the MD simulations, there is one transition path that is trapped in a misfolded state by a long-lived β-hairpin, resulting in a much longer duration of 3.4 μs. Despite this slowdown, the order of folding events observed in this transition path is indistinguishable from laser T-jump rates that in the other transition paths not affected by this nonnative structure (TP4, Fig. S2 ). This is consistent with the expectation of a "funneled" energy landscape, where nonnative interactions affect only the dynamics of folding by slowing diffusion along the reaction coordinate but do not affect the mechanism. The simplest view of the mechanism for this protein is the order of helix formation in each of the transition paths (15) . We used the criterion introduced by Gin et al. (53) that the order of helix formation is the order in which helices form and remain until the protein is folded (15) . A helix was considered to be formed when at least n − 2 contiguous residues in the helix are in their native configuration, where n is the total number of residues in the native helix. The common feature of the mechanism distribution in the transition paths from the theoretical model and MD simulations is that both predict multiple mechanisms (Fig. 5 C  and D) . Moreover, in the vast majority of both the 25 MD and ∼10 6 model transition paths, helices 1 and 2 form before helix 3. Once the uncertainty of the MD results due to the finite sampling is taken into account (error bars, Fig. 5C ), the overall similarity between the distribution of transition paths obtained from the MD trajectories and model simulations is remarkable. We have also considered how the observed set of mechanisms from the MD compares with sets of transition paths of the same size (25) drawn from the stochastic kinetics simulations. Describing each set by a vector of relative populations (in the 6D space of mechanisms), the closeness of a given set to the average population vector was defined by its Euclidean distance. By this measure, the MD dataset lies closer to the mean than ∼20% of the stochastic datasets, and therefore falls comfortably within the region sampled by the stochastic simulations.
A significant difference between the MD and theoretical model trajectories is that native structure forms much earlier in MD transition paths, as indicated by Fig. 5 E and F (Fig. S2) . This results mainly from the failure of the theoretical model to treat the unfolded state properly, with a minimum at Q = 0 instead of a more realistic higher value. By contrast, in the MD simulations, ∼40% of the helical residues are in their native backbone conformation already in the unfolded state, although this may be too large due to deficiencies in the force field (54). This percentage increases to ∼64%, on average, at the beginning of the transition paths, reflecting, in part, the choice of Q as a reaction coordinate to define transition paths. Another difference is that in the MD simulations, more structure forms in the region of the proline in position 21. This can be seen in plots of native residue probability vs. the Q reaction coordinate in individual trajectories (Fig. S2 ) and in the average overall transition paths in Fig. 5 E and F . Nevertheless, the good agreement between the MD and model simulations is a surprise, considering that a multidimensional free energy surface for the ultrafast-folding villin subdomain must be relatively flat so that small changes in force fields should result in very different transition path distributions, as was shown by Piana et al. (15) for a mutant of the villin subdomain. The force field used in the MD simulations of the WT villin subdomain is currently considered one of the most accurate, because it can fold both α-and β-proteins with the same set of parameters (13, (54) (55) (56) .
Comparing MD Simulations and Theoretical Model with Experiments.
The most interesting, and also the most demanding, test of both the MD and model simulations would be the comparison with experimentally determined transition path distributions. Information about these distributions can only be obtained from single-molecule experiments. Such experiments are, however, currently in their infancy; thus far, only average transition path (10) with up to n native segments of more than four contiguous residues shown for each protein, for n = 2 (blue) and n = 3 (red). Table S1 provides names of proteins.
times for two proteins have been determined from single-molecule fluorescence experiments: ∼2 μs for an all-beta protein (45) and 12 μs for an all-alpha protein (57) . A simple theory by Attila Szabo for diffusive dynamics on a 1D surface predicts that the average transition path time is insensitive to the height of the free energy barrier separating the folded and unfolded states and depends only linearly on the curvature and the landscape diffusion coefficient at the barrier top (45, 58, 59) . The insensitivity to the barrier height is suggested in the single-molecule fluorescence experiments (45) and, more recently, also for nucleic acid folding in optical tweezer experiments (46, 47) . Thus, it is reassuring that the average transition path times of 1.1 μs and 0.34 μs predicted by the MD, corrected for water viscosity, and theoretical model simulations, respectively, differ by less than an order of magnitude from each other, and from those measured for similar-sized proteins.
In the absence of additional information from single-molecule experiments, it is important to point out that both the MD simulations and the Ising-like theoretical model have been successful in quantitatively explaining ensemble equilibrium and kinetic experiments for the villin subdomain (20) (21) (22) (Fig. S4) . In previous studies, the kinetics were calculated from the theoretical model as diffusion on a 1D free energy surface with either the number of native residues or the fraction of native contacts as a reaction coordinate. Together with the two thermodynamic parameters, « contact and Δs conf , only one additional adjustable parameter that describes the physics of the observable (and its temperature dependence) was needed to reproduce the data for each kind of experiment, except for the CD (Fig. S4B) . Overall, the agreement is quite good, particularly for the excess heat capacity (Fig. 2C and Fig. S4A ), which is most important because it is a measure of the accuracy of the model thermodynamic parameters and, with one exception (41), has not yet been calculated by any other theoretical model or simulation for any protein with even qualitative agreement. Another major success of the model is its ability to explain three highly unusual properties of the villin subdomain: the lack of a dependence of the relaxation rate on denaturant concentration (19) (Fig. S4G) , the increase in internal viscosity with increasing temperature (20) (Fig. S4H) , and the extremely low Φ values that increase with temperature (21) (Fig.  S4I) . All three are readily explained as arising from a change in the position of the major free energy barrier from close to the denatured state at low denaturant concentrations and low temperatures to close to the native state at high denaturant concentrations and high temperatures (Fig. S4D) .
The MD simulations also obtain impressive agreement with experimental results (table S1 of ref. 11), albeit for a much smaller set of observables than the theoretical model. The most notable exception is in the enthalpy change and heat capacity difference between the folded and unfolded states, which are much smaller than experimentally determined (60) and represent a generic problem for current force fields (13) . Because almost all the temperature dependence in relaxation rates is contained in the unfolding rates, this deficiency in the force field is most evident in these rates (e.g., ref. 22) . We should also mention that a deficiency in the theoretical model is its unrealistic treatment of the completely denatured state, in which there are no native contacts with Q as a reaction coordinate, and its inability to calculate experimental properties of the denatured state, such as the radius of gyration (61).
Concluding Remarks. By analyzing the MD simulation trajectories in a unique way and by comparing them with the trajectories of a simple theoretical model, calculated by simulating the underlying master equation, we have been able to connect theory, experiment, and simulations of protein folding more closely. The similarity of the distribution of folding mechanisms predicted by the theoretical model, which is capable of quantitatively explaining a wide variety of experimental results, and of the distribution predicted by the MD simulations supports both the model and the simulations.
We have also gained additional insight into how proteins fold. First, as postulated by the model and observed in the MD simulations, native structure develops in just a small number of regions of the polypeptide sequence. In the case of the villin subdomain, the native segments on transition paths correspond to helices already transiently populated in the denatured state (Fig. 5E and Fig. S2 ), highlighting the importance of residual elements of native structure in the denatured state as initiation points for folding. Note, however, that transient formation of these structural elements is not predictive of folding events, as discussed in the accompanying paper (16) .
As also discussed in detail in the accompanying paper (16), a key assumption that is critical for our theoretical model is that nonnative contacts affect the rates but not the mechanism. In the model, they affect rates by determining the value of the adjustable kinetic parameter, α, that sets the time scale for the elementary steps of the c→n and n→c transitions. The issue of the role of nonnative contacts is important because it has physical significance beyond the protein folding problem, as well as biological significance. The physical significance is that for molecules of known structure, it permits the construction of simple theoretical models, such as the Ising-like model discussed here, and makes it possible to simulate the kinetics and dynamics of systems that are too large to include all interresidue interactions (e.g., refs. 62, 63) . The biological significance is that the dominance of native-only interactions increases the probability of avoiding long-lived misfolded traps. Such traps are believed to promote the protein aggregation that is responsible for multiple human diseases (64) .
